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Ramsey Theory
The Ramsey Number R(G ,H) is the smallest n for which any
2-edge-colouring of Kn contains either a red G or a blue H .

Theorem (Ramsey, 1930)

R(Kn,Kn) is finite for every n.

The following bounds hold
√

2
n
≤ R(Kn,Kn) ≤ 4n.

Theorem (Erdős, 1947)

R(Pn,Km) = (n − 1)(m − 1) + 1.

The following lower bound holds for all G and H (Chvatal; Harary
and Burr).

R(G ,H) ≥ (χ(H)− 1)(|G | − 1) + σ(H)
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Ramsey Theory

Theorem (Erdős, 1947)

R(Pn,Km) = (n − 1)(m − 1) + 1.

Proof.

Theorem (Pósa, 1963)

The vertices of every graph G can be covered by α(G ) disjoint cycles.

Theorem (Gallai-Milgram, 1960)

The vertices of every directed graph D can be covered by α(D)
disjoint directed paths.

Alexey Pokrovskiy (FU Berlin) Calculating Ramsey numbers by partitioning coloured graphs May 22, 2014 3 / 17



Ramsey Theory

Theorem (Erdős, 1947)
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Ramsey Theory

Theorem (Gerencsér and Gyárfás, 1966)

For n ≥ m,

R(Pn,Pm) = n +
⌊m

2

⌋
− 1.

Theorem (Gerencsér and Gyárfás, 1966)

Every 2-edge-coloured complete graph can be covered by 2 disjoint
monochromatic paths with different colours.
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Ramsey Theory
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Ramsey Theory

Theorem (Gyárfás and Lehel; Faudree and Schelp, 1973)

RKn,n(Pn,Pm) ≈ n + m

Theorem (Gyárfás and Lehel, 1973)

Let G be a 2-edge-coloured balanced complete bipartite graph. Then
one of the following holds.

G looks like this:

Then there are two disjoint monochromatic paths covering all,
except possibly one vertex in G .
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Partitioning coloured graphs

Theorem (Gerencsér and Gyárfás, 1966)

Every 2-edge-coloured complete graph can be covered by 2 disjoint
monochromatic paths with different colours.

Conjecture (Gyárfás, 1989)

Every r -edge-coloured complete graph can be covered by r disjoint
monochromatic paths.

This theorem and conjecture gave rise to a number of results.
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Partitioning coloured graphs

Conjecture (Gyárfás, 1989)
Every r -edge-coloured complete graph can be covered by r disjoint
monochromatic paths.

This conjecture led to...

Every r -edge-coloured infinite complete graph can be covered by
r infinite monochromatic paths. [Rado, 1987]

Every r -edge-coloured Kn can be covered by O(r 2 log r) disjoint
monochromatic cycles. [Erdős, Gyárfás and Pyber, 1991]

Every r -edge-coloured Kn can be covered by O(r log r) disjoint
monochromatic cycles. [Gyárfás, Ruszinkó, Sárközy and
Szemerédi, 2006]

Every 2-edge-coloured Kn can be covered 2 disjoint
monochromatic cycles. [ Luczak, Rödl and Szemerédi, 1998;
Allen, 2008; Bessy and Thomassé, 2010]
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Partitioning coloured graphs

Conjecture (Gyárfás, 89)
Every r -edge-coloured complete graph can be covered by r disjoint
monochromatic paths.

This conjecture led to...

Every 3-edge-coloured Kn has 3 monochromatic cycles covering
n− o(n) vertices. [Gyárfás, Ruszinkó, Sárközy and Szemerédi, 2011]

Not every 3-edge-coloured Kn can be covered by 3 disjoint
monochromatic cycles. [P., 2013]
Every 3-edge-coloured Kn can be covered by 3 disjoint
monochromatic paths. [P., 2013]
Suppose that we have a sequence G = {G0,G1,G2, . . . } of
graphs with maximum degree ≤ ∆. Every 2-edge-coloured
complete graph can be covered by at most 2C∆ log ∆

monochromatic copies of graphs from G. [Grinshpun and
Sárközy, 2013]

Alexey Pokrovskiy (FU Berlin) Calculating Ramsey numbers by partitioning coloured graphs May 22, 2014 12 / 17



Partitioning coloured graphs

Conjecture (Gyárfás, 89)
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Not every 3-edge-coloured Kn can be covered by 3 disjoint
monochromatic cycles. [P., 2013]
Every 3-edge-coloured Kn can be covered by 3 disjoint
monochromatic paths. [P., 2013]
Suppose that we have a sequence G = {G0,G1,G2, . . . } of
graphs with maximum degree ≤ ∆. Every 2-edge-coloured
complete graph can be covered by at most 2C∆ log ∆

monochromatic copies of graphs from G. [Grinshpun and
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Results

Theorem (P., 2014+)

Suppose that the edges of Kn are 2-coloured. Then Kn can be
covered by k disjoint red paths and a disjoint blue balanced complete
(k + 1)-partite graph.

Theorem (P., 2014+)

Suppose that the edges of Kn are 2-coloured such that the red
subgraph is connected. Then Kn can be covered by k disjoint red
paths and a disjoint blue balanced complete (k + 2)-partite graph.
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Applications

Theorem (P., 2014+)

Suppose that the edges of Kn are 2-coloured. Then Kn can be
covered by k disjoint red paths and a disjoint blue balanced complete
(k + 1)-partite graph.

Generalises original Gerencsér-Gyárfás path partitioning theorem.

Can be used to prove the r = 3 case of Gyárfás Conjecture.
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Applications

Theorem (P., 2014+)

Suppose that the edges of Kn are 2-coloured. Then Kn can be
covered by k disjoint red paths and a disjoint blue balanced complete
(k + 1)-partite graph.

R(Pn,K
t
i ) = (t − 1)(n − 1) + t(i − 1) + 1

for i ≡ 1 (mod n − 1).

This generalises:
I R(Pn,Km) = (n − 1)(m − 1) + 1 [Erdős].
I R(Pn,Ki ,i ) = n + i − 1 for m ≡ 1 (mod n − 1) [Häggkvist].

R(Pn,P
k
n ) = (n− 1)k +

⌊
n

k+1

⌋
(Conjectured by Allen, Brightwell

and Skokan).

Might be useful for finding R(Pn,H) for other graphs H ..?
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I R(Pn,Ki ,i ) = n + i − 1 for m ≡ 1 (mod n − 1) [Häggkvist].
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Proof

Theorem
Every 2-edge-coloured complete graph can be covered by a red path
and a disjoint blue balanced complete bipartite graph.

Proof.
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Open problems

Conjecture
Every 2-edge-coloured complete tripartite graph can be covered by
two disjoint monochromatic paths.

Conjecture (Gyárfás and Sarközy)

Every complete r -uniform hypergraph H can be covered by α(H)
disjoint loose cycles.

Problem
Every r -edge-coloured complete graph can be covered by 1000r
monochromatic paths.

Alexey Pokrovskiy (FU Berlin) Calculating Ramsey numbers by partitioning coloured graphs May 22, 2014 17 / 17



Open problems

Problem
Prove natural statements of the form “Every 2-edge-coloured
complete graph can be covered by a red graph G and a disjoint blue
graph H with G and H having particular structures”.

Known results of this type:

G and H paths [Gerencsér and Gyárfás].

G and H cycles [ Luczak, Rödl, and Szemerédi; Allen; Bessy and
Thomassé].

G a matching, H a complete graph [folklore].

G a forest of k paths, H a balanced complete (k + 1)-partite
graph. [P.]

G a cycle, H a graph with ∆(H) ≥ 1
2
(|H | − 1). [P.]
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